OPTIMAL LOCAL HOLDER INDEX FOR DENSITY STATES 
OF SUPERPROCESSES WITH (1 + /3)-BRANCHING MECHANISM 

KLAUS FLEISCHMANN, LEONID MYTNIK, AND VITALI WACHTEL 



1991 Mathematics Subject Classification. Primary 60 J80; Secondary 60 G57. 

Key words and phrases. Dichotomy for density of superprocess states, Holder continuity, op- 
timal exponent, critical index, local unboundedness, multifractal spectrum, Hausdorff dimension. 

WIAS preprint No. 1327 of May 26, 2008, revised April 17, 2009, ISSN 0946-8633, 
hoelder85v3.tex. 

Supported by the German Israeli Foundation for Scientific Research and Development, Grant 
No. G-807-227.6/2003. 

Corresponding author: Klaus Fleischmann. 

Running head: Optimal local Holder index for superprocess states. 



OPTIMAL LOCAL HOLDER INDEX FOR SUPERPROCESS STATES 



1 



Abstract. For < a < 2, a super-a-stable motion X in R"* 
with branching of index 1 + /3 e (1, 2) is considered. Fix arbitrary 
i > 0. li d < a/ (3, a dichotomy for the density function of the 
measure Xt holds: the density function is locaUy Holder contin- 
uous if c? = 1 and a > 1 + /9, but locally unbounded otherwise. 
Moreover, in the case of continuity, we determine the optimal local 
Holder index. 
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1. Introduction and statement of results 

1.1. Background and purpose. For < a < 2, a super-a-stable motion X — 
{Xt : t > 0} in R'' with branching of index 1 + /3 G (1, 2] is a finite measure-valued 
process related to the log-Laplace equation 

(1.1) = AaU + au - bu^"^'^ , 

at 

where a e R and 6 > are any fixed constants. Its underlying motion is de- 
scribed by the fractional Laplacian Aa '■= — (— /i)"/^ determining a symmetric 
a-stable motion in R'' of index a G (0, 2] (Brownian motion if a ~ 2), whereas its 
continuous-state branching mechanism described by 

(1.2) V ^ -av + bv^+'^ "^{v), v>0, 

belongs to the domain of attraction of a stable law of index 1 + /? G (1,2] (the 
branching is critical if a = 0). 

It is well-known, that in dimensions d < ^ at any fixed time t > the measure 
Xt = Xt{dx) is absolutely continuous with probability one (cf. Fleischmann [3] 
where a ~ 0, the non-critical case requires the obvious changes). By an abuse of 
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notation, we sometimes denote a version of the density function of the measure Xt = 
Xt{dx) by the same symbol: Xt{dx) — Xt{x)dx, that is Xt = {Xt{x) : x G R''}. 
In the case of one-dimensional continuous super-Brownian motion (a = 2, /3 = 1), 
even a joint-continuous density field {Xt{x) : t > 0, a; G R} exists, satisfying a 
stochastic equation (Konno and Shiga [13] as well as Reimers [17]). 

From now on we assume that d < ^ and f3 G (0, 1). For the Brownian case 
a = 2 and if a = (critical branching) Mytnik [15] proved that a version of the 
density {Xt{x) : t > 0, x £ R"*} of the measure Xt{dx)dt exists that satisfies in a 
weak sense the following stochastic partial differential equation (SPDE) 

(1.3) ^^Xt{x) = AXtix) + {bXt^{x)Y'^'+''^L{t,x) 

where i is a (1 + /3)-stable noise without negative jumps. 

Convention 1.1. From now on, (if it is not stated otherwise explicitly) we use the 
term density to denote the density function of the measure Xt{dx) with respect to 
the Lebesgue measure. O 

For the same model (as in the paragraph before Convention 1 1 . ip . in Mytnik and 
Perkins 16J regularity and irregularity properties of the density at fixed times had 
been revealed. More precisely, these densities have continuous versions if d = 1, 
whereas they are locally unbounded on open sets of positive Xt (da;)-measure in all 
higher dimensions {d < ^ ). 

The first purpose in the present paper is to allow also discontinuous underlying 
motions, that is to consider also all a G (0, 2). Then actually the same type of fixed 
time dichotomy holds (recall that d < ^) : continuity of densities if c? = 1 and 
a > 1 + (3, whereas local unboundedness is true if d > 1 or a <1 + (3. 

However, the main purpose of the paper is to address the following question: 
What is the optimal local Holder index in the first case of existence of a continuous 
density? Here by optimality we mean that there is a critical index rjc such that for 
any fixed t > there is a version of the density which is locally Holder continuous 
of any index rj < rjc, whereas there is no locally Holder continuous version with 
index rj > rjc . 

In [I6j continuity of the density at fixed times is proved by some moment meth- 
ods, although moments of order larger than 1-1-/3 are in general infinite in the 
1 + (3 < 2 case. A standard procedure to get local Holder continuity is the Kol- 
mogorov criterion by using "high" moments. This, for instance, can be done in the 
P — 1 case (a = 2, d = 1) to show local Holder continuity of any index smaller 
than i (see the estimates in the proof of Corollary 3.4 in Walsh [H]). 

Due, to the lack of "high" moments in our (3 < 1 case we cannot use moments 
to get the optimal local Holder index. Therefore we have to get deeply into the 
jump structure of the superprocess to obtain the needed estimates. As a result 
we are able to show the local Holder continuity of all orders rj < rjc := — 1, 
provided that d = 1 and a > 1 + j3. We also verify that the bound r/c for the local 
Holder index is in fact optimal in the sense that there are points xi,X2 such that 
the density increments |Xi(a;i) — Art(a;2) | are of a larger order than |a;i— a;2|'' as 
Xi — X2 0, for every rj > rjc- For precise formulations, see Theorem 11.21 below. 

1.2. Statement of results. Write Aif for the set of all finite measures /i defined 
on R'' and for its total mass /Lt(R'^). Let \\f\\u denote the essential supremum 
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(with respect to Lebesgue measure) of a function / : R*^ R+ := [0, oo) over a 
non-empty open set U CR'^. 

Let p" denote the continuous a-stable transition kernel related to the fractional 
Laplacian Aa — —{—A)"^^, and 8°" the related semigroup. 

Recall that 0<q;<2, l-|-/3e(l,2), and d < ^ , and consider again the 
(a, d, /?)-superprocess X = {Xt : t > 0} in R"* related to (jl.ip . Recall also that for 
fixed t > 0, with probability one, the measure state Xt is absolutely continuous 
([4j). Here is our main result: 

Theorem 1.2 (Dichotomy for densities). Fix t > and Xq = /i G Ait ■ 

(a) (Local Holder continuity): If d ~ 1 and a > 1 + P, then with prob- 
ability one, there is a continuous version Xt of the density function of the 
measure Xt{dx). Moreover, for each rj < rjc := — 1, this version Xt 
is locally Holder continuous of index rj : 

\Xt{x,) ~ Xt{^2)\ ^ ^ 
sup j j < oo, compact A C K. 

(b) (Optimal local Holder index): Under conditions as in the beginning 
of part (a), for every rj > rjc with probability one, for any open U C R, 

\Xt{x,) - Xtix2)\ 
sup j j = oo whenever Xt(U ) > U. 

Xi,X2eU,Xi^X2 \xi — X2\^ 

(c) (Local unboundedness): If d > 1 or a < then with probability 
one, for all open U ^ R'^, 

\\Xt\\u ~ oo whenever Xt{U) > 0. 

Remark 1.3 (Any version). As in part (c), the statement in part (b) is valid 
also for any version Xt of the density function. O 

1.3. Some discussion. At the first sight, the result of Theorem ll.2r a.b) is a bit 
surprising. Let us recall again what is known about regularity properties of densities 
of {a, d, /?)-superprocesses. The case of continuous super-Brownian motion (a — 2, 
/? = 1, d = 1) is very well studied. As already mentioned, densities exist at all times 
simultaneously, and they are locally Holder continuous (in the spatial variable) for 
any index 77 < i . Moreover, it is known that ^ is optimal in this case. Now let 
us consider our result in Theorem ll.2f a.b). specialized to a = 2. Then we have 
Vc = — liO as (311, where the limit is different from the optimal local 
Holder index i of continuous super-Brownian motion. This may confuse a reader 
and even raise a suspicion that something is wrong. However there is an intuitive 
explanation for this discontinuity as wc would like to explain now. 

Recall the notion of Holder continuity at a point. A function / is Holder con- 
tinuous with index rj G (0, 1) at a point xq if there is a neighborhood U{xo) such 
that 

(1.4) |/(a;) -/(a;o)| < C \x - xqI"^ for all xeU{xa). 

The optimal Holder index II{xq) of / at the point xq is defined as the supremum 
of all such rj. Clearly, there are functions where II{xo) may vary with a;o , and the 
index of a local Holder continuity in a domain cannot be larger than the smallest 
optimal Holder index at the points of the domain. The densities of continuous 
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super-Brownian motion arc such that almost surely H{xq) — ^ for all xq , whereas 
in our (3 < 1 case of discontinuous superprocesses the situation is quite different. 
The critical local Holder index rjc = — 1 in our case is a result of the influence 
of relatively high jumps of the superprocess that occur close to time t. So there 
are (random) points xq with H(xq) = rjc . But these points are exceptional points, 
loosely speaking, there are not too many of them. We conjecture^ that at any given 
point Xq the optimal Holder index H(xq) equals — l) A 1 =: f^c > ?7c . Now, 

if a = 2, as P 1 1 one gets the index i corresponding to the case of continuous 
super-Brownian motion. 

This observation raises in fact a number of very interesting open problems: 

Conjecture 1.4 (Multifractal spectrum). We conjecture that for any 77 S 
('7c J ^c) there are (random) points xq where the density Xt at the point xq is 
Holder continuous with index 77. What is the Hausdorff dimension, say D{'q), of the 
(random) set {a;o : H{xn) = We conjecture that 

(1.5) lim D{f]) = and lim D{r]) = 1 

vlVc: nine 

This function rj D{ri) reveals the so-called multifractal structure concerning the 
optimal Holder index in points for the densities of superprocesses with branching 
of index 1 + P < a and is definitely worth studying. In this connection, we refer 
to Jaffard [IJl^ where multifractal properties of one-dimensional Levy processes are 
studied. O 

Another interesting direction would be a generalization of our results to the 
case of SPDEs driven by Levy noises. In recent years there has been increasing 
interest to such SPDEs. Here we may mention the papers Bie [I], Mytnik [15], 
Mueller, Mytnik, and Stan [l3], as well as Hausenblas [TU]. Note that in these 
papers properties of solutions are described in some £^-sense. To the best of our 
knowledge not too many things are known about local Holder continuity of solutions 
(in case of continuity). The only result we know in this direction is 16], where some 
local Holder continuity of the fixed time density of super-Brownian motion (a = 2, 
/3<l,d<^,a — 0) was established. However, the result there was far away from 
being optimal. With Theorem 1 1 . 2r a.b) we fill this gap. Our result also allows the 
following conjecture: 

Conjecture 1.5 (Regularity in case of SPDE with stable noise). Consider 
an SPDE of the kind 

(1.6) §1^'^'^^ " ^Mx) + g{Xt-{x))L{t, x) 

where L is a (1 -I- /3)-stable noise without negative jumps and g is such that solu- 
tions exist. Then there should exist versions of solutions such that at fixed times 
regularity holds just as described in Theorem ll.2r a.b). with the same parameter 
classification, in particular with the same rjc . O 

1.4. Martingale decomposition of X. As in the a = 2 case of [TB], for the proof 
we need the martingale decomposition of X. For this purpose, we will work with 



' See also [5] where we prove that H(xo) > r/^ ■ 
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the following alternative description of the continuous-state branching mechanism 
* from (fr2l) : 

(1.7) «-(«) = -aw + £- / dr r-^-/^ (e^"'' -1 + vr), v>0, 

Jo 

where 
(1.8) 

with r denoting the famous Gamma function. The martingale decomposition of 
X in the following lemma is basically proven in Dawson [2j Section 6.1]. 

Denote by Cb the set of all bounded and continuous functions on R**. We add 

(k) + 

the sign + if the functions are additionally non- negative. with k > 1 refers 

to the subset of functions which are k times diffcrentiable and that all derivatives 
up to the order k belong to , too. 

Lemma 1.6 (Martingale decomposition of X). Fix Xq — ^ J^i . 

(a) (Discontinuities): All discontinuities of the process X are jumps up- 
wards of the form rS^ ■ More precisely, there exists a random measure 
iV(d(s, a;, r)) on R_|_ x R'' x R_|_ describing the jumps rS^ of X at times 
s at sites x of size r. 

(b) (Jump intensities): The compensator N of N is given by 

N{d{s,x,r)) = g dsXsidx)r-^~^dr, 
that is, N := N — N is a martingale measure on R+ x R'' x R+ . 

(2) + 

(c) (Martingale decomposition): For all (p G C^^ and t > 0, 

{Xt,ip) = (a*,<^)+ / ds {Xs,Ac,ip)+Mt{ip)+aIt{ip) 
Jo 

with discontinuous martingale 

t ^ Mt{ip) := / N{d{s,x,r))rLp{x) 

^(0,t]xR<'xR+ 

and increasing process 

t ^ It{(p) ■■= / ds {Xs,(p). 
Jo 

From Lemma ll.6l we get the related Green's function representation 

(1.9) {Xt,^) = + / M(d(s,x))5f_,^(x) 

l{dis,x))St,ipix), t>0, ^eC+, 

(0,t]xR'' 

with M the martingale measure related to the martingale in part (c) and / the 
measure related to the increasing process there. 

We add also the following lemma which can be proved as Lemma 3.1 in Le Gall 
and Mytnik [7]. For p > 1, let Cf^^ip) = x R'', 5"^ ^ (a;) dsda;) denote the 

space of equivalence classes of measurable functions ip such that 

(1.10) / ds / dxSffi{x)\4;{s,x)f<oo, T > 0. 
Jo Jr-' 
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Lemma 1.7 (iP-space with martingale measure). Let Xq — ^ M.i and 

ip £ C^^^{ii) for some p G (1 + /3, 2). Then the martingale 

(1.11) t^ / M{d{s,x))iP{s,x) 

"'(0,t]xR<i 

is well-defined. 

Fix t > 0, fi £ A^f . Suppose d < ^ . Then the random measure Xt is a.s. 
absolutely continuous. From (|1.9p we get the following representation of a version 
of its density Junction (cf. |16[ [7]V 

Xt{x) = ^l*pr{x) + [ M{d{s,y))pt^,{x-y) 

J{0,t]xR'' 

+ «/ l{d{s,y))pt_Jx-y) 

J{0,t]xR<i 

(1.12) =: Zl{x) + Zf{x) + Z^x), X e 

with notation in the obvious correspondence (and kernels introduced in the 
beginning of Subsection 1 1.2p . 

This representation is the starting point for the proof of the local Holder con- 
tinuity as claimed in Theorem ll.2r a). Main work has to be done to deal with 

zl 

1.5. Organization of the paper. In Section [2] we develop some tools that will 
be used in the following sections for the proof of Theorem 11.21 Also on the way, 
in Subsection 12.31 we are able to verify partially Theorem II. 2f a) for some range of 
parameters a, (3 using simple moment estimates. The proof of Theorem ll.2f a) is 
completed in Section [3] using a more delicate analysis of the jump structure of the 
process. Section 2] is devoted to the proof of part (c) of Theorem 1 1.2 1 In Section O 
which is the most technically involved section, we verify Theorcm ll.2f b). 

2. Auxiliary tools 
In this section we always assume that d = 1. 

2.1. On the transition kernel of a-stable motion. The symbol C will always 
denote a generic positive constant, which might change from place to place. On the 
other hand, c^^) denotes a constant appearing in formula line (#). 

We start with two estimates concerning the a-stable transition kernel p". 

Lemma 2.1 (a-stable density increment). For every 5 e [0, 1], 

(2.1) |p^(a;)-p^(y)| < C^^(p^(a;/2)+p^(y/2)), t>0, x,z/eR. 

Proof. For the case a = 2, see e.g. Rosen [18] (2.4e)]. Suppose a < 2. Then we use 
the well-known subordination formula 

(2.2) Pt{^)= dsg,"/^(s)p(2)(^), i>0, zeR, 

Jo 
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where g"/^ denotes the continuous transition kernel of a stable process on R+ of 
index a/2, and by an abuse of notation, p^^^ refers to in case a — 2. Consequently, 

r-OO 

(2.3) \vn^)-vnv)\< \ ^sq^l\s)\vf\x)-v'^]-\y)\. 

Jo 

Hence, from the a = 2 case, 

/"OO 

(2.4) \pf{x)-pf{y)\ <C\x-y\' ds qt^\s) s''/' + pi'\y/2)). 

Jo 

The lemma will be proved if we show that 

/•OC 

(2.5) / ds g"/'(s)s-*'/2p(2)(^/2) < Ct-*/"p^(a;/2), t > 0, x e R. 
Jq 

First, in view of (lO). 



ds qt'\s)s-''^pf\x/2) < t-'/- / ds qt'\s)p(^\x/2) 

(2.6) < r^'°'p'i{x/2). 

Second, by scaling q"^^{s) — t~'^/°' g"^^(t~^/"s) and substitution t~'^/°'s = u, 

(2.7) f ' ds qt'\s)s-'/^p(P{x/2) = t-'l- C du qt'\u)u-"'pf,(xl2). 



By Brownian scaling, (12. 7p can be continued with 

= .-(^-)/"^'d.,r/^(.).-(^+^)/vi^'(^) 

< t-(^+i)/>(')(x/2ti/") f du q''J\u)u-^'+^~^'^ 

Jo 

(2.8) < Ct-(*+i)/"pf^(x/2ti/"), 

where in the last step we have used the fact that q"^'^{u) decreases, as m | 0, 
exponentially fast (cf. [3} Theorem 13.6.1]). Since p^^\x) ~ o(p"(x)) as x f cxo, we 

(2) 

have {^) < C!pi{x), a; G R. Hence, 

(2.9) / ds g"/'(s)s-*/V?H^) < Ci-(*+i)/"p?(x/2ii/") = C r^/" p'^{x/2). 



Combining (|2.6p and (|2.9p gives (|2.5p . completing the proof. □ 

Lemma 2.2 (Integrals of a-stable density increment). If 9 & [1,1 + a) and 
S e [0, 1] satisfy S < {1 + a - e)/e, then 

rt n 

ds / dy p'^iy) \pf^,{xi - y) - pf_^{x2 - y)f 



(2.10) < Cil + t)\xi-X2f\pTixi/2)+p^{x2/2)), i >0, xi,a:2 e R. 
Proof. By Lemma I^TTl for every 6 G [0, 1], 

\pt_,{xi-y)~p'^_^{x2 -y)f 

(2.11) < C [7„~ ^/J/! " y)/^) +P?~.{i^2 - y)/2))\ 



d2/p^(y)p?_,((x-2/)/2) = i / dyp^„,(y/2)p^_,((x2-y)/2) 
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t > s > 0, xi,X2,y G R. Noting that pf_si-) < C (t - s)"^/", we obtain 

(2.12) \p^_^(x,-y)-pf_^(^^^-y)f 

^ ^ ^t-lysolfiy. {p?-s ((^1 - y)/2) + ((^2 - y)/2)), 
t>s>0, xi,X2,y S R. Therefore, 

/*ds / dt/p«(y) |p«_^(xi-y)-p«_,(x2-y)|' < C - a;2|^'x 
Jo Jr 

X Tds - f dyp'^{y){pf_,{{x^-y)/2)+pf_,{{x2-y)/2)). 

R 

By scaling of p", 

= ^P2-».+t-«(^/2) = i(2-«s + i-5)-'/"p?((2-«s + t-s)-V«x/2) 

(2.13) < i-i/«p?(i-^/"a;/2) = p?ix/2), 

since 2~'*f < 2~"s + 1 — s < t. As a result we have the inequality 

/ ds [ dy p'^iy) \pt-eixi - y) - Pt-s{x2 - y)\^ 
Jo Jr 

(2.14) < C\xi-X2\^'>{pnxi/2)+Pt{x2/2)) [ ds 

Noting that the latter integral is bounded by C (1 + t), since {66 + 9 — l)/a < 1, 
we get the desired inequality. □ 

2.2. An upper bound for a spectrally positive stable process. Let L = {Lf : 

t >0} denote a spectrally positive stable process of index k g (1, 2). Per definition, 
L is an R- valued time-homogeneous process with independent increments and with 
Laplace transform given by 

(2.15) Ec"^-^' = c'^" , A,t > 0. 

Note that L is the unique (in law) solution to the following martingale problem; 

(2.16) t e"^^* - [ ds e-^^^A" is a martingale for any A > 0. 

Jo 

Let ALs := Lg — Lg- > denote the jumps of L. 

Lemma 2.3 (Big values of the process in case of bounded jumps). We 

have 

sup L„l{ sup ALy<y}>x) < (— — r) > * > 0, x,y>0. 
o<u<t o<v<u ) \xy'^-^J 

Proof. Since for r > fixed, {L^t : t > 0} is equal to t^/'^L in law, for the proof 
we may assume that t = 1. Let {^j : i > 1} denote a family of independent copies 

ofLi. Set 

(2.18) Wn,:= Lf^ := n-^/'^Wns. < s < 1, n > 1. 

l<k<ns 
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Denote by I^fo,!] the Skorohod space of cadlag functions / : [0, 1] R. For fixed 
y > 0, let H : i'fo.i] R be defined by 

(2.f9) H{f) = sup f{u) if sup Af{v) <y}, / e D[o,i] . 

0<ti<l 0<i;<ti J 

It is easy to verify that H is continuous on the set -D[o,i] \ Jy, where Jy := {f S 
D[o,i] '■ = y for some v e [0,1]}. Since P(L G Jy) = 0, from the invari- 

ance principle (see, e.g., Gikhman and Skorokhod [8], Theorem 9.6.2) for we 
conclude that 

(2.20) P(ff(L) > x) = hm P(i7(i(")) > a;), x > 0. 

n^cxD 

Consequently, the lemma will be proved if we show that 

P( sup Wnul{ max < yn^^^} > xn^^'') 

^0<ti<l l<k<nu / 

(2.21) < (-^) , x,y>0, n>l. 

To this end, for fixed y' ,h > 0, we consider the sequence 

(2.22) Ao 1, A„ e'^^"l{ max Cfc < y'}, n>l. 

l<k<n 

It is easy to see that 

(2.23) E{A„+i I A„ = e''"} = e''" E{e''^' ; Li < y'} for all u G R 
and that 

(2.24) E{A„+i I A„ = 0} = 0. 
In other words, 

(2.25) E{A„+i I A„} = A„ E{e''^^ Li < y'}. 

This means that {A„ : n > 1} is a supermartingale (submartingale) if h satisfies 
Eje^'^i; Li < y'} < I (respectively E{e''^i;Li < y'} > 1). If A„ is a submartin- 
gale, then by Doob's inequality, 

(2.26) P( max Afc > e''^') < e"''^' EA„ , x' > 0. 
But if A„ is a supermartingale, then 

(2.27) P( max A^ > e''^') < e^'^^' EAq = e"^^', x' > 0. 

l<k<n 

From these inequalities and (|2.25p we get 

(2.28) ^ ^ maxjl, {E{c''^^; Li < 2/'})"}. 

It was proved by Fuk and Nagaev [5] (see the first formula in the proof of Theorem 4 
there) that 

Eje"^^ ; ii < 2/'} < 1 + /lEiLi ; L, < y'} + ^ V{y'), h, y' > 0, 
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where V{y') := P(ii e du) > 0. Noting that the assumption ELi = 
yields that E{Li ; Li < y'} < 0, we obtain 

(2.29) E{e''^- Li < y'} < 1 + ^-^^V{y'), h,y' > 0. 

Now note that 

I max WkU max 6 < w'j > x'l = ( max e''^'= 1{ max 6 < y'} > e''"^') 

(2.30) = I max Afc > e'*"^'). 
Thus, combining (I23DD, (P?^ . and fTIE^i . we get 

pf max Wkl{ max < y'} > x'] < P( max Afc > e'*^') 

\l<k<n l<i<k ) n<fc<n ' 

(2.31) <exp{-W + ^-^^nV{y')}. 

Choosing h := (y')~^ log(l + ^'v' /n-Viu')) ; we arrive, after some elementary calcu- 
lations, at the bound 

(2.32) P( max Wkl{ max C» < y'} > x') < ( """T^,^ , a;',y'>0. 

\l<fc<n l<i<fe / V Xy J 

Since P(ii > u) ~ Cu"'" as w t oo, we have F(y') < C {y'f-'' for all y' > 0. 
Therefore, 

(\ / Cii /y' 

max Wkl{ max < y'} > a;' < ( — — - — - , x', y' > 0. 
i<k<',i 4<<<fc^ / - Va;'(y')''"^ 

Choosing finally x' = a^n^/'', y' = yn^/'', we get ^(n\\ from ([^5)1 . Thus, the 
proof of the lemma is complete. □ 

Lemma 2.4 (Small process values). There is a constant c„ such that 

(2.34) p(infL„<-a:) < exp{-c«^J^}, x,t>0. 

Proof. It is easy to see that for all /i > 0, 

(2.35) P f inf i„ < ) = P f sup e^''-^" > e''^ 

Applying Doob's inequality to the submartingale t ^ e~''^*, we obtain 

(2.36) P ( inf Lu < ) < e"''"^ E e"''-^' . 
Taking into account definition ()2.15p . we have 

(2.37) P(^ inf L„ < -a;^ < exp| - /ix + 

Minimizing the function h ^-^ —hx + tW^, we get the inequality in the lemma with 

c^ = in-l)/{.f^^-'\ □ 
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2.3. Local Holder continuity with some index. In this subsection we prove 
Theorem ll.2r a) for parameters f3 > (see Remark l2.10p . whereas for parameters 
(3 < we obtain local Holder continuity only with non-optimal bound on indexes. 
We use the Kolmogorov criterion for local Holder continuity to get these results. 
The proof of Thcorcm ll.2f a) for parameters (3 < will be finished in Section [31 

Fix t > 0, /i G A4f , and suppose a > 1 + Since our theorem is trivially valid 
for fi — 0, from now on we everywhere suppose that /i 7^ 0. Since we are dealing 
with the case d — 1, the random measure Xt is a.s. absolutely continuous. Recall 
decomposition (|1.12p . 

Clearly, the deterministic function is Lipschitz continuous, by Lemma 12.11 
Next we turn to the random function Zf. 

Lemma 2.5 (Holder continuity of Zf). With probability one, Z^ is Holder 
continuous of each index rj < a ~ 1. 



Proof. From Lemma [2?11 we get for fixed S £ (0, a — 1), 

\xi ~ X2^ 

\p'i_X^x-y)-p'i_,{xi-v)\ < 1 g^(g+i)/a ' t>s>0, xi,X2,y€R. 
Therefore, 

\Zf{x,)~Zfix2)\ < \a\ I ds I Xs{dy) |p^_,(xi - - p?_,(x2 - y) I 



< Cf supX,(R)) \xx-X2\^ [ ds{t 

^ s<t ' Jo 



s 



(2.38) <C supX,(R) |xi-x2r, xi,X2€R. 

a - I - d \ s<t ' 

Consequently, 

10 \zl{xx) - ZI{X2)\ 

(2.39) sup j < 00 a.s., 

xi^X2 \Xl-X2\^ 

and the proof is complete. □ 

Our main work concerns Zf . 
Lemma 2.6 (g-norm). For each 6* e (1 + /3, 2) and q E (1,1 + (3), 
E\zf{xi)~ZUx2)\' 



< C 



{ ds S:fi{dy) \p?_,{xi - 2/) -p?_,(x2 -y)f) 



(2.40) + ds 5Xdy) U,{x, - y) - P?^,{x2 - y)\ 



xi,x2 e R. 

The proof can be done similarly to the proof of inequality (3.1) in [^. 

Corollary 2.7 ((/-norm). For each 9 £ (1+/?, 2), q G (1, 1+/3) and 6 > satisfying 
5 < min{l, (1 + a - O)/0, {1 + a - q)/q}, 

(2.41) E\Z^{xi)- Z^{x2)\'' < C\xi-X2f'', xi,X2eR. 
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Proof. For every e e (1, 1 + a), 

fj.{dz) / ds dy p'^{y - z) \pt^,{xi - z) - p'^_^{x2 - z)|^ 

'R Jo Jr 

(2.42) = / /i(dz) fds f dyp':{y)\p?_,{xi-z-y)~pt_,{x2-z-y)\\ 
Jr Jo Jr 

Using Lemma we get for every positive S < minjl, (1 + a — e)/e}, 

\ls f Sf^l{dy) \pf^^(x,-y)-pU{x2-y)\' 
Jr 

C\xi-X2\'' f fi{dz)[p^{{xi~z)/2)+p'^{{x2-z)/2)') <C\xi-X2\'', 



< 

since /i, t are fixed. Applying this bound to both summands at the right hand side 
of (|2.40p finishes the proof of the lemma. □ 

Corollary 2.8 (Finite q-norm of density). If K C R is a compact and I < q < 
1 + P, then 

(2.43) E supXt( x) ) < oo. 

Proof. By Jensen's inequality, we may additionally assume that g > 1. It follows 
from ([TT^ that 

(2.44) ( supXt(a;))'' < i (( sup fi*Pt {x)f + sup\Z^{x)\'' + sup\Z^{x)\'' 
^xeK ' y-xeK ' xeK xeK 

Clearly, the first term at the right hand side is finite. Furthermore, according to 
Corollary 1.2 of Walsh [19j, inequality (|2.4ip imphes that 

(2.45) Esup|z2(a;)|'' < cxD. 

xeK 

Finally, proceeding as with the derivation of p.38p . we obtain 

(2.46) sup\Z^{x)\ < CsupX,(R) < Cel'^l* supe-''''X,(R). 

x£K s<t s<t 

Noting that s ^ e^°''Xs(R) is a martingale, and using Doob's inequality, we 
conclude that 

(2.47) E sup (a;) I" < CE(e-''*Xt(R)f < c5o. 

xeK 

This completes the proof. □ 
Furthermore, CoroUarv 12 . 71 allows us to prove the following result: 

Proposition 2.9 (Local Holder continuity of Zf). With probability one, Z^ has 
a version which is locally Holder continuous of all orders rj > satisfying 



(2.48) Tj < li 



1+^ - 1, */ /3 > (« - l)/2, 
4^, z/ /? < (a - l)/2. 
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Proof. Let 9, q and 6 satisfy the conditions in Corollarv l2.7l Then almost surely Zf 
has a version which is locally Holder continuous of all orders smaller than S — 1/q, 
cf. [H Corollary 1.2]. 

Let e > satisfy e < 1 - f3 and e < p. Then 9 ^ 9^ ■= \ ^ (3 + e and 
q = := — £ are in the range of parameters we are just considering. Moreover, 
the condition 6 < minjl, (1 + a — 9)/9, {1 + a ~ q)/q} reads as 

r a — B — e a — B + 

(2.49) '<-^-{''TTJT^'TTh}--^^'^- 

Hence, for all sufficiently small £ > we can choose 6 = S,, := f{e) — e. Thus, 
has a version which is locally Holder continuous of all orders smaller than (5e — I/Qe 
for this choice of 6'^, g^, . Now 

where this limit coincides with the claimed value of , finishing the proof. □ 

Remark 2.10 (Proof of Theorem [lIKa) for ^ > By Lemma [23] and 

Proposition [2?9l the proof of Theorem II. 2f a) is finished for /3 > O 

2.4. Further estimates. We continue to fix i > 0, /i G A^f\{0}, and to suppose 
a > 1 + 

Lemma 2.11 (Local boundedness of uniformly smeared out density). Fix 

a non-empty compact K <Z R and a constant c > 1. Then 

(2.50) V Vt'^iK) := sup S'^u^.X, {x) < oo almost surely. 

0<s<t,xeK 

Proof. Assume that the statement of the lemma does not hold, i.e. there exists an 
event A of positive probability such that supo<s<j_ ^.g^^ S^f^^_^^Xs (x) — co for every 
Lu e A. Let n > 1. Put 

{inf |s < t : there exists x K such that S"f^^_^^Xs (x) > n|, uj E A, 
t, LJE 

If LU Cz A, choose Xn = Xn{i-u) G K such that S'"(-j_^ ■^XT-^{xn) > n, whereas if 
LU G A'^ , take any Xn — Xn{Lu) G K. Using the strong Markov property gives 

(2.51) E^(",_i)(,_,,^)Xt (x^) = EE[5(",_i)(,_,„)Xt (x„) I Tr^] 

= Ee'^(*-^")5(",_i)(,_,^)5(",_,^)X,„(x„) > e~l'^l*E^,"(,_,^)X.„(x„) 

(with e"^*^^"' coming from the non-criticallity of branching in (|1.2p ). From the 
definition of (r„,a;„) we get 

(2.52) ES'^(t_^_^)X^„(a;„) > nP{A) ^ c» as n T oo. 

In order to get a contradiction, we want to prove boundedness in n of the expecta- 
tion in (P3T|) . If c = 1, then 

(2.53) EXt{xn) < EsupXt(a:) < oo, 
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the last step by Corollary 12.81 Now suppose c > 1. Choosing a compact Ki D K 
satisfying dist(if, (KiY) > 1, we have 



J Ki J [Kx)" 

< E sup Xt{y) + EXt{R) sup Pt-Usi^ " v)- 

y&Ki ye{Ki)<',xeK,0<s<t 

By our choice of Ki we obtain the bound 

(2.54) E^("^_i)(,_^^^)Xt (xn) < E sup Xt{y) + C = C, 

yen I 

the last step by Corollarv l2.8l Altogether, (|2.5H) is bounded in n, and the proof is 
finished. □ 

Lemma 2.12 (Randomly weighted kernel increments). Fix 9 e [1,1 + a), 
5 G [0, 1] with 5 < (1 + a — 0)/6^ and a non-empty compact K <zR. Then 

fds f Xs{dy) \p-_^(x,-y)-pt_,ix2-y)\' 
Jo Jr 

(2.55) <CV\xi-X2f\ xi,X2&K, a.s., 
with V ~ V^" (K) from Lemma 12.111 

Proof. Using (|2.12p gives 



ds Xs{dy)\p'^^,{xi-y)-p^^,{x2-y)\ < C\xi-X2\ 



se 



X 



R 



'd. (t_,)-(^«+^-i)/" f X,idy)(pU{ixi-y)/2)+pU{{^2^y)/2)), 
uniformly in a; 1,2:2 € R. Recalling the scaling property of p", we get 

f X,{dy) |p^,(xi - y)-ptsi^2 ~y)\' 
Jr 

< C\X,-X2\'' f^ds (i-s)-(^^+^-l)/"(^2"=(t^.)^.(2:i)+52"(*-.)^.(^2)). 

We complete the proof by applying Lemma 12.111 □ 

Remark 2.13 (Lipschitz continuity of Zf). Using Lemma [2. 121 with 0=1 = 5, 
we see that Zf is in fact a.s. Lipschitz continuous. O 

Let /S.Xs := Xs — Xs- denote the jumps of the measure-valued process X. 

Lemma 2.14 (Total jump mass). Let e > and 7 e (O, (1 + /3)^^). There 
exists a constant c ^6>. ff6l ~ c jg^ 56l i(^' ■^^'^/i that 

(2.56) P(|AX,| > c [£^ {t - s)(i+^)"'-'' for some s<t^ < e. 
Proof. Recall the random measure TV from Lemma ll.Gf a). For any c > 0, set 

(2.57) Yo := N([0,2-h) x R x (c2-^i^, 00)) , 

(2.58) r„ := iv([(l-2-")i,(l-2-"-i)<) X Rx (c2-^("+i)i-^,oo)), 71 > 1, 
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where A (1 + /3) ^ — 7. It is easy to see that 

00 00 

(2.59) p(\AXs\> c{t- s)^ for some s <t) <P(^F„>l) < ^ Ey„ , 



where in the last step we have used the classical Markov inequality. From the 
formula for the compensator of in Lemma ll.6f b) , 

<.(l-2"'*^^)t poo 

(2.60) EYn ^ g ds EX,(R) / dr r'^-z^, n > 1. 
Now 

(2.61) EX,(R) = Xo(R)e- < \^,\e\^\' =: c ^ . 
Consequently, 

(2.62) Er„ < -^c|2;6ijc-i-'^2-("+i)^(i+«i^(i+'5). 

Analogous calculations show that (|2.62p remains valid also in the case n — 0. 
Therefore, 

00 00 

n=0 ^ n=0 

0-7(1+13) 

Choosing c ~ c j2 5g| such that the expression in (j2.63p equals e, and combining 
with (|2.59p . the proof is complete. □ 

2.5. Representation as time-changed stable process. We return to general 
t > 0. Recall the martingale measure M related to the martingale in Lcmma fLGT c) 
and Lemma [l/TI 



Lemma 2.15 (Representation as time-changed stable process). Suppose 
p G (1 + 2) and let ip G Cf^^{p) with ip > 0. Then there exists a spectrally 
positive (1 + (3)-stable process {Lf : t > 0} such that 



(2.64) Zt{^) -.^ M{A{s,y))^{s,v) ^ Lrit), t>Q, 

J(0,t]xR 

where T{t):^J^ds J^Xs{dy) {ip{s,y)Y^'^ . 
Proof. Let us write Ito's formula for e"^'*^'^-' : 

(2.65) e"^'^'^^ - 1 = local martingale 

+ g dse-^=W') / X,{dy) / dr (e-''^^^'^^ - 1 + r ^{s,y)) r-^'^ . 



Define r(i) := T ^{t) and put t* infjt : r(t) = 00} . Then it is easy to get for 
every v > 0, 

Jo X,(,)(V'i+/5(s,-)) 

(2.66) = 1 + / e-"^-(=)('^) v^+l^ + loc. mart., t < t* . 

Jo 
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Since the local martingale is bounded, it is in fact a martingale. Let L denote a 
spectrally positive process of index 1 + /3, independent of X. Define 



(2.67) Lt 



^r(t)(V'), t<t\ 
Z,^t,0)+Lt-t* , t>t* Cli t* <<x). 

Then we can easily get that L satisfies the martingale problem (|2.16p with k replaced 
by 1 + /?. Now by time change back we obtain 

(2.68) Zt{i>) = Lrit) ^ LT^t) . 

finishing the proof. □ 

3. Local Holder continuity: proof of Theorem ll.2r a) 

We continue to assume that c? = 1, and that t > Q and /i G Alf\{0} are fixed. 
For /3 > (a — 1)/2 the desired existence of a locally Holder continuous version of 
of required orders is already proved in Proposition 12.91 Therefore, in what follows 
we shall consider the complementary case /3 < (a — l)/2. Fix any compact set K 
and xi < X2 belonging to it. By definition (|1.12p of Z'^, 

ZUxi) - Z^{X2) = / M(d(s,y)) {pt_M - y)'~P?-si^2 - y)) 

J{0,t]xR 



(3.1) =/ M{d{s,y))^+{s,y)- M {d{s,y)) ^.{s,y), 

J{0,t]xR J{0,t]xR 

where Lp+{s,y) and ip-(s,y) are the positive and negative parts of p"_g{xi — y) — 
p't-s{x2 ~ y)- It is easy to check that ip^ and ip^. satisfy the assumptions in 
Lemma [2. 151 Thus, there exist stable processes and such that 

(3.2) ZUxi) ~ ZUx2) = L^r^ - L't. , 

where T± := J* ds Jj^Xs{dy) {(p±{s,y)Y^'^ . 

The idea behind the proof of the existence of the required version of Zf is as 
follows. We first control the jumps of and for t <T± and then use Lemma [^751 
to get the necessary bounds on , themselves. 

Fix any e G (0, 1). According to Lemma [2.111 there exists a constant such 
that 

(3.3) P(V" < ce) > 1 -e, 

where V — (K). Consider again 7 e (O, (1 + /3)^^) and set 

(3.4) A' {\AXs\ < {t ~ s)(i+«"-t for aU s < t} D {V < cj. 

By Lemma Em and by ([33]), 

(3.5) P(A^) > 1 - 2e. 

Define Z^'^ix) Zf{x)l{A''). We first show that Zf'" has a version which is 
locally Holder continuous of all orders 77 smaller than rjc . It follows from p.2p that 



P 



(\Z^^%x,) - Z^^%X2)\ >2r\xi-X2r) 



(3.6) < P{L^^>r\xi^X2\'', A^) +P{L^^>r\xi-X2\'', A"), r > 0. 
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Note that on A"^ the jumps of A/(d(s,?/)) do not exceed c j^ 5g[ {t — 5)^^+'^^ ^"^ 
since the jumps of X are bounded by the same values on A"^ . Hence the jumps of 
the process u J^p ^p^Af (d(s, ?/)) ip±{s,y) are bounded by 

(3.7) sup(i-s)(i+^)"'-'' sup(p±(s,y). 

S<f yeR 

Obviously, 

(3.8) supip±{s,y) < sup |p^_,(a;i - y) -p^_,(x2 - 2/)|. 

aGR j/GR 

Assume additionally that 7 < r]c/a. Using Lemma |2. II with S — r]c — aj gives 

sup (a;i - - (2:2 - y) I 





< 


C 


\xi 


" X2 




— a-y 


it- 






supp"_ 

zGR 






< 


C 


\xi 


- X2 




— a-y 


(t- 




-»?c/a+7 


{t-sY 


-1/a 


(3.9) 




c 


\xi 


- X2 


^7c 


— a-y 


{t~ 











Combining (|3.7p - (|3.9p . we see that all jumps of u J^^ ^^^^M(^d{s,y)) ip±{s,y) 
on the set A^ are bounded by 



(3.10) c JXTUt -a:2| 

for some constant c jg ^Qj — '^ JS.lOt (^)- Therefore, by an abuse of notation writing 



Lt± for Lip and Lj, , 



P(Lt± >r|a;i-a;2|", A^) 

= P(ivT± > r Ixi - a;2|'', sup Ai„ < c|XTUl - 2^2 T'^^"'', A" 

^ u<T± 

(3.11) < pf sup £a( sup A£„ < cjgjgi |xi - 1"-^°^} > r |xi - xaf', 



, v<T± 

Since 

(3.12) T± < f ds f Xs{dy)\pt^,{x,-y)-p?_,{x2-y)\''"', 

Jo JR 

applying Lemma [2 . 1 21 with 9 = 1 + P and 6 = 1 (since /3 < (a — l)/2 ), we get the 
bound 

(3.13) T± < |xi - X2\'+^ on < 
for some c^j^ = e jg:Y^ (£). Consequently, 



< P( sup Ly l{sup A£„ < c jgj^ \xi - X2X''' r\xx- X2\'^ 

Using Lemma [^751 with k = 1 + /3, ^ = '^ IXT^ I^i ~ ^2|"'"^^i x = r |xi — X2I'', and 
y ~ C J3.10[ l^^i ~ X2\P''^°''' : and noting that 

(3.14) 1 + /? - 77 - ^(77c - 07) = 2 + 2/3 - a + (77c - 77) + /3a7 > 2 + 2/3 - a. 
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By an abuse of notation, from now on the symbol Z\'^ always refers to this 



we obtain 

(3.15) < (cg35ir-V, 

for some c jg = '^ J3.l5i (^)- ^PPlyiiig this bound with 7 = (?7c — t))I'^ol to the 
summands at the right hand side in (13. 6|) . and noting that 2/? + 2 — a is also 
constant here, we have 

(3.16) < 2(c|XT3r-|.r-x,|)(ra'^'--'™). 

This inequality yields that all the conditions of Theorem III. 5. 6 of Gikhman and 
Skorokhod [9] hold with g{h) = 2/i'' and g(r, h) = 2{c^j^ r-^h) ^3.161 ^ 

from which we conclude that almost surely Z'^'^ has a version which is locally Holder 
continuous of all orders 77 < 77, 

By an abuse of notation, 
continuous version. Consequently, 

(3.17) hm P ( sup > , , ^ 0. 
Combining this with the bound 

r.18^ T^f \ZnXl)-Zf{x2)\ ^ 

(3.18) P sup J ■ > k 

\xi,X2eK,Xi^X2 \Xl - X2\' 

< P ( sup > + p(^.c) 

\xi,X2eK,xi^X2 \Xl-X2\' J 

(with ^l^''^ denoting the complement of A^) gives 

^.iQA r ryf \Z^{x,) - Z^{x2)\ ^ ,\ ^ ^ 

(3.19) limsupP sup j j ->k \ < 2e. 

fcToC \xi,X2&K,Xi^X2 Fl— X2I'' / 

Since e may be arbitrarily small, this immediately implies 

. ^ \Zt{xi)-Z^{x2)\ 

(3.20) sup i i < 00 almost surely. 

Xi ^X2GK, Xi^X2 1*^1 ^2!^ 

This is the desired local Holder continuity of Z^, for all rj < rjc- Because rjc < a—1, 
together with Lemma 12.51 the proof of Theorem ll.2r a) is complete. □ 

4. Local unboundedness: proof of Theorem ll.2r c) 

In the proof we use ideas from the proofs of Theorems 1.1(b) and 1.2 of [16]. 
Throughout this section, suppose d > 1 or a < 1 + /?. Recall that t > and 
Xq = ^1 E A^t\{0} are fixed. We want to verify that for each version of the density 
function Xt the property 

(4.1) WXtWs = 00 P-a.s. on the event {Xt{B) > O} 

holds whenever B is a fixed open ball in R''. Then the claim of Theorem ll.2f c) 
follows as in the proof of Theorem 1.1(b) in [TB]. We thus fix such B. 
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As in [16] to get (|4.ip we first sliow that on the event {Xt{B) > O} there are 
always sufficiently "big" jumps of X that occur close to time t. This is done in 
Lemma 14.31 below. Then with the help of properties of the log-Laplace equation 
derived in Lemma 14.41 we are able to show that the "big" jumps are large enough 
to ensure the unboundedness of the density at time t. Loosely speaking the density 
is getting unbounded in the proximity of big jumps. 

In order to fulfil the above program, we start with deriving the continuity of 
X.{B) at (fixed) time t. 

Lemma 4.1 (Path continuity at fixed times). For the fixed t > 0, 

(4.2) \imX,{B) = Xt{B) a.s. 

Proof. Since t is fixed, X is continuous at t with probability 1. Therefore, 

(4.3) Xt{B) < \imMXs{B) < limsupXs(S) < limsupX^(B) < Xt(B) 

s^t s^t 

with B denoting the closure of B. But since Xt{dx) is absolutely continuous with 
respect to Lebesgue measure, we have Xt{B) — Xt{B). Thus the proof is finished. 

□ 

Lemma 4.2 (Explosion). Let f : (0,i) (0, oo) be measurable such that 

(4.4) / ds f{t ~ s) — oo for all sufficiently small 6 G (0,t). 
Jt~s 

Then for these S, 

(4.5) / ds Xs{B)f{t - s) = oo P-a.s. on the event {Xt(B) > O}. 
Jt-s 

Proof. Fix 6 as in the lemma. Fix also lu such that Xt{B) > and Xs{B) Xt{B) 
as s t ^- For this cj, there is an e g (0, 5) such that Xs{B) > e for all s G [t — e^t). 
Hence 

(4.6) / ds X,{B)f{t ~s) > e f ds /(i - s) = oo, 

Jt-S Jt-e 

and we are done. □ 
Set 

and for e E (0,i) let t^{B) denote the first moment in {t — e,t) in which a "big 
jump" occurs. More precisely, define 

(4.8) MB) := inf |s e{t~e,t): \AX,\{B) > {t ~ sf V (^) 

Lemma 4.3 (Existence of big jumps). For e G (0,t) and the open ball B, 

(4.9) F{re{B) - ^) < P{XtiB) = O). 

Proof. For simplicity, through the proof we write r for t^[B). It suffices to show 
that 

(4.10) P{r = oo, Xt(S) >0} = 0. 
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To verify (I4.10|) we will mainly follow the lines of the proof of Theorem 1.2(b) of [7] . 

For u £ (0, e], define 

Zu -.^ N(^{s,x,r) : s E {t-e,t~e + u), x e B, r> {t ~ sf log"^ {t~l)\ 

with the random measure N introduced in Lemma ll.Gf aV Then 
(4.11) {r = ^} = {Z, = 0}. 

Recall the formula for the compensator iV of in Lemma ITTBr b). From a classical 
time change result for counting processes (see e.g. Theorem 10.33 in [H]), we get 
that there exists a standard Poisson process A = {A{v) : w > O} such that 

/ pt — 6+U /"OO 

Zu ^ Alg dsX,{B) / , , dr r-2-/3 



t — e-\-u 



(4.12) = A[-j- dsX,{B)- 

where we used notation (|4.7p . Then 
P{Z, = 0, XtiB) > 0) 

(4.13) <P( f ds Xs{B) \ < oo, Xt{B) > 

It is easy to check that 

(4.14) / ds ^ -^-rr = oo for aU S G (0,£). 

Jt-s (t-s)log(— ) 



Therefore, by Lemma l4?2l 



(4.15) 



f ds Xs{B) \ = oo on {Xt{B) > O}. 

Jt-e (i-s)log^— 



Thus, the probability in (|4.13|) equals 0. Hence, together with ()4.1H) claim ()4.10|) 
follows. □ 

Set e„ := 2^", n > 1. Then we choose open balls Bn T B such that 

(4.16) WrCBn+iCB and sup p'^{x-y) — > 0. 

yGBSsGS„,0<s<e„ "Too 

Fix n > 1 such that £„ < t. Define t„ :— T^^{Bn). 

In order to get a lower bound for HXtH^ we use the following inequality 

(4.17) \\Xt\\s > f dy Xtiy)p'^{y-x), xeB,r>0. 

Jb 

On the event {t„ < t}, denote by C„ the spatial location in i?„ of the jump at 
time T„ , and by r„ the size of the jump, meaning that AX,-^^ = r„5^„. Then 
specializing (|4.17p . 

(4.18) WXtWe > f dy Xt{y)p^_^Jy-Cn) on the event {t„ < t}. 

Jb 

From the strong Markov property at time t„ , together with the branching property 
of superprocesses, we know that conditionally on {t„ < t}, the process {Xr„+u ■ 



OPTIMAL LOCAL HOLDER INDEX FOR SUPERPROCESS STATES 



21 



M > 0} is bounded below in distribution by {X" : w > 0}, where X" is a super- 
Brownian motion with initial value rnS(^^. Hence, from ()4.18|) we get 

(4.19) Eexp{ - llXill^} 

< El{,„<t}exp|-^dj/ Xt{y)pf_,Jy -Cn)^ + P(r„ = ex.) 

< El{r„<t}Er„5<:,. expj-^dy Xt-rJy)p?-rJy-Cn)^ + = Oo). 

Note that on the event {r„ < i}, we have 

(4.20) r„ > (i - T^f log" (-^) hp{t - t„). 
We now claim that 

(4.21) lim sup E,5.expj-/ dy X,(y)p^(2/-a;)| = 0. 

"Too 0<s<e„,xe-B„,r>/it)(s) I JB ) 

To verify (|4.2ip . let s G (0, £„), x G _B„ and r > hp{s). Then, using the Laplace 
transition functional of the superprocess we get 

Era, expj-^^dy X^(?/)p^(?/-a;)| = exp{-r<,;(s,x)} 

(4.22) < exp{-/i^(s)<,(s,x)} 

where the non-negative function u"^ = {w",j,(s', x') : s' > 0, x' G R"*} solves the 
log-Laplace integral equation 

(4.23) vl,{s',x')=f dyp':,iy~x')lBiy)p':iy-x) 



+ / dr' J^^ dy p^,_Ay - x') [avlAr'.y) - 6«,(r', y)) 



related to dTT]). 



Lemma 4.4 (Another explosion). Under the conditions d > I or a < 1 + P, 

we have 

(4.24) lim ( inf /i^(sXJs, x)) = +oo . 



Let us postpone the proof of Lemma [ 

Completion of Proof of Theorem ll.2r cV Our claim (|4.2ip readily follows from 
estimate (|4.22p and (I4.24p . Moreover, according to (|4.2ip . by passing to the limit 
n I oo in the right hand side of (I4.19p . and then using Lemma 14.31 we arrive at 

(4.25) Eexpj - \\Xt\\s} < limsupP(r„ ^ oo) < limsupP(Xt(B„) = O). 

nfoo nfoo 

Since the event ^Xt{B) — 0} is the non-increasing hmit as n | oo of the events 
{Xt(S„) =0} we get 

(4.26) Eexp{ - \\Xt\\s} < F{Xt{B) = O). 

Since obviously H^tH^ = if and only if Xt{B) = 0, we see that ()4.ip follows from 
this last bound. The proof of Theorem 1(c) is finished for U = B. □ 
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Proof of Lemma 14.41 We start with a determination of the asymptotics of the first 
term at the right hand side of the log-Laplace equation (I4.23P at {s',x') — {s,x). 
Note that 

(4.27) / dyp'^{y-x)lB{y)pUy~x) 
dy Psiy - x)p"{y -x) - dy p"{y ~ x)p'^{y - x). 

In the latter formula line, the first term equals P2s(0) — Cs~'^^°', whereas the 
second one is bounded from above by 

(4.28) sup p-^iy-x) 0, 

0<s<en,x£B„, yeB-! "Too 

where the last convergence follows by assumption (I4.16|) on i3„ . Hence from ()4.27p 
and (I4.28P we obtain 

(4.29) / dyp'^{y-x)lBiy)p':{y^x) = C s-"^'' + o{l) as n T oo, 

uniformly in s G (0,e„) and x G -B„ . 

To simplify notation, we write t;" := v^^. Next, from (|4.23p we can easily get 
the upper bound 

(4.30) v-is',x') < e\^\^' I dyp%{y-x')p'^,{y-x) = e\^\^' p^,.^,{x - x'). 
Then we have 

(4.31) fdr'/ dyp':_,,{y-x){v-{r',y))'^^ 
Jo Jr'' 

< e\a\ii+0)s r f ay pU'iy - {p'^r'+six - y)Y^^ 

Jo JR'' 

< el"l(i+^)^(p?(0))'' Tdr' / d2/K-.'(y-^)p"+.(^-y) 

Jo Jr-^ 

= e\-\(^+('>{p'^{0)f rdr' p^M = Cel°l(i+«^si-''(i+'3)/" 
Jo 

and similarly 

(4.32) / dr' f dyp'^^^,{y-x)av'\r\y)>-C\a\e\''\'s^"^/°'. 
Jo Jr-' 

Summarizing, by g^S]), (g^Hl), l|OT|) . and 

(4.33) i;"(s, X)>C S"'^/" + o(l) - C el"l(l+'^)'' ,l-<i(l+/3)/a „ (j |^| ^\a\s ^l-d/a 

uniformly in s S (0, e„) and x G B„ . According to our general assumption d < 
a/P, we conclude that the right hand side of (|4.33p behaves like Cs^'^/°' as s | 0, 
uniformly in s G (0,e„). Now recalling definitions (|4.20[) and (|4.7p as well as our 
assumption that d > 1 or a < 1 + we immediately get 

(4.34) lim inf hp{s)s-'^l°' ^ +oo . 

n'foO 0<S<£ri 

By f|4.33p . this implies (|4.24p . and the proof of the lemma is finished. □ 
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5. Optimal local Holder index: proof of Theorem ll.2r b) 

We return to d = 1 and continue to assume that t > and /i e A4f\{0} are 
fixed. In the proof of Theorem 1 1.2f b) we implement the following idea. We show 
that there exists a sequence of "big" jumps of X that occur close to time t and 
these jumps in fact destroy the local Holder continuity of any index greater or equal 
than rjc . 

As in the proof of Theorem 1 1.2r c) in the previous section, we may work with a 
fixed open interval U. For simplicity we consider U = (0, 1). Put 



(5.1) /; 



in) 
k 



|r,^ , 71 > 1, < fc < 2" - 1. 



Choose no such that 2 < t. For n > uq and 2 < A; < 2" + 1, denote by An^k 
the following event 

(5.2) |aX,(4"^2) > n^h for some s e [t - 2""", t - 2-"("+i))| , 

and for N > hq write 



(5.3) := [J [j A 



oo 2" + l 

k ■ 

n=N k=2 



Lemma 5.1 (Again existence of big jumps). For any N > Uq , 

(5.4) P{AN\XtiU)>0} = 1. 
Proof. For s e [t - 2""", t - 2-"("+i)) we have 

(5.5) ((t-s)log(^))~ < (2-""log2"("+i))~ < (2a)W2-TT7J"nTT?, 
since 2°("+i) < e"^". Therefore, 

2" + l ^ _j_ 

U A„,fe D i AX,{U)>(^it~s)\og{j^jy^' for some s G [t-2-"", t-2-"("+i))l 

k=2 ^ ^ 

and, consequently, 

oo 2"+l 

(5.6) An= \J [j A^,k 

n=N k=2 

D |aa:,(C/) > (^(i-s)log(j^))^ for some s>t-2"^|, 
and we are done by Lemma 14.31 □ 
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Now we are going to define increments of Zl on tfie dyadic sets : fc 
0, . . . , 2"}. By definition (frT2l) . 

(5.7) Zl (A) - 

= f M{d{s,y))(pU{4^-y)-p?-s{^-yf 

J(a.t]xR ^ ' 

M(d(s,y)) Us{^ - V) -V'l-s{^ y) 



1+/3 
± 



(0,t]xR 

Tfien according to Lemma [2.151 tfiere exist spectrally positive stable processes LjJ^^ 
and ^ of index 1 + /3 such that 

(5.8) Zl (A) - zl ^ Ll,{T+) - i-,(r_) 
where 

(5.9) r± := J^dsJ^Xs{dy)[pf_,{^^y)-pU{i^ 
Fix e e (O, j^) for a while. Let us define the following events 

(5.10) B„,fc := {<,(T+) > 2-"^"^^-^} n {i-,.(T_) < 2-"""—} 

(with notation in the obvious correspondence). Define the following event 

oo 2" + l 

(5.11) Dn -.^ \J U (A„,fcnB„,fc) 

n=JV fc=2 
oo 2" + l oo 2" + l 

3 U U ^".'»\ U U (^«,fcni?;,). 

n=A' fc=2 ri=iV k=2 

An estimation of the probability oi Dm is crucial for the proof of Theorem 1 1.2r b). 
In fact we are going to show that conditionally on {Xt{U) > 0}, the event Djy 
happens with probability one for any TV. This in turn implies that for any N 
one can find n > N sufficiently large such that there exists an interval 

on which the increment ZK^) - Zl{^) is of order L+^iT+) > 2-'''^"nTT7-^ 
(since the other term L~ ^ (T^ ) is much smaller on that interval) . This implies the 
statement of Theorem ll.2r b) . Detailed arguments follow. 
By Lemma l5. II we get 

, oo 2" + l 

(5.12) P {DN\Xt{U) > 0} > 1-pI U U (A„,fcnB^^fc) Xt{U)>o\. 

n=N k=2 ' 
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Recall defined in ([331) • Note that 

/ oo 2" + l 



(5.13) P U U (A„,feni?;^,,) 

(cx; 2" + l 
y y (A^nA„,fcnB;; 
ri=Af fc=2 
/ oo 2" + l \ 

< 2£+p y y (A-nA„,,ni?:;,,) . 



Lemma 5.2 (Probability of small increments). For all e > sufficAently small, 

(oc 2" + l \ 
y y (A-nA„,fcni3;;,,) = 0. 
n=N k=2 ) 

We postpone the proof of this lemma to the end of this section. Instead we will 
show now, how it implies Theorem ll.2r b) . 

Completion of proof of Theorem W. 2\ h). From Lemma l5.2l and (|5.13|) it follows that 

oo 2" + l 



^ oo Z ^1 

(5.15) limsupPi y y (A„,fcnS 



Xt{U) >0} < 



P{Xt{U)>0) 



Since s can be arbitrarily small, the latter limsup expression equals 0. Combining 
this with estimate (|5.12p . we get 

(5.16) lim P{Dn \ XtiU) > O} = 1. 

A^too 

Since Dn i Plw^no ~- as t oo, we conclude that 

(5.17) P{Doo\Xt{U) > 0} = 1. 

This means that, almost surely on {Xt{U) > O}, there is a sequence {nj, kj) such 
that 

(5.18) Z^(pj)-Z?{l^) > 2-^^-^nJ^-\ 

This inequality implies the claim in Theorem 1 1.2r b). □ 

We now prepare for the proof of Lemma 15.21 Actually by using (|5.10p , we 
represent the probability in (j5.14p as a sum of two probabilities: 

/ oo 2" + l \ 

P U U (^^ n n 5,^=^ 

\n=N k=2 J 

(5.19) 

/ oo 2" + l \ / oo 2" + l \ 

y y (A-nA„,,.ni3+,j +P y y [A^nA„^,nB, 



p 



— ,c 
n.k 



Now we will handle each term on the right hand side of (|5.19p separately. 
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Lemma 5.3 (First term in ()5.19p ). For e £ (O, j^), 

(oo 2"+l \ 
U U (^'nA,feni?+,j Uo. 
n=N k=2 ) 

Proof. Consider the process L'^ ^i^), s < ?+ • On An.k there exists a jump of the 
martingale measure M of the form r*(5s*.j,» for some 



(5.21) r* > (2a)TT3 2-W"nW, s* e [t - 2-°"\ t - 2-'^^''+% y* e 



(") 

k-2 ■ 



Hence 

(5-22) Ai+,(.*)> inf (p^(|,-y)-p^(Ml 

X (2q;)TT7J 2"TfF"-nTT75 

It is easy to get 

inf (p^(^_y)-p^(m_y)) 



inf 

2"" < z < 2""+ 



^ (KW-Ps(^ + 2-"))^ 



inf s~i/" -p?((z + 2-")s-i/"))^ 



2"" < z < 2""+\ 
5 e j2-"("+i),2-""] 

> 2" inf 

2-" < z < 3 • 2-", 



(p?)'(z.-i/") 



(5.23) > 2"^mf^J(p?)'(x)| =: c|5^2", 
where > 0. In fact, from (|2.2p . 

(5.24) -p»(^)^-J^ dsgr/^(s)^pf (z) ^ 0, z ^ 0, 

and (pi^V(2;) 7^ for any x ^ 0. Apply (|5.23p in (|5.22p to arrive at 

(5.25) AL+ ,(,s*) > c|05|2(i-w)«nT^ ^ c|5^2-''=" n W . 
Using Lemma 12.121 with 9 = 1 + f3 and 

(5.26) S ^ {1+ /3)l{2/3<a-l} + (a - /5 - e)l{2/3>a-l} , 

we get, with appearing in definition (j3.4p of , 

(5.27) r± < c,(2-"(i+'3)l{2/3<„-i} + 2-"("-^--)l{2^>„_i}) =: i„ on 
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Hence for all n sufficiently large we obtain 

< P < 2-''="nT^-^ AL+,is*) > c|05j2-''-nT^, A^) 

< P [^]g,Ll,{s) < -ic|52ni2-"^"nT^, A^^ 

< P (i<t < -^c,525j2-''-nT^) 
(5.28) < exp{-c^(t„)'V^(cjg:^2-"-"nT^)(^+ffl/^} 

< exp{-ceni/'3(t-i2-''=(i+«")i/^} < exp{-Ceni/''2(i^^)"} 

where (|5.28p follows by Lemma 12.41 and the rest is simple algebra. From this we 
get that for N sufficiently large 

Coo 2" + l \ oo 2" + l 

U U {A^n A„,, n Bit) < E E P n ^".^ n <t) 

oo 2" + l oo 

< J2 E «^P{-c^"'^''2(i-^)"} = ^ 2"exp{-ceni/^2(i-^)"} 

which converges to as iV f cxd, and we are done with the proof of Lemma l5.3l □ 
Lemma 5.4 (Second term in (|5.19p ). For all e > sufficiently small, 

(oo 2" + l \ 
U U [A^nA,,,,nB-t)\ = 0. 
n=N k=2 ) 

The proof of this lemma will be postponed almost to the end of the section. For 
its preparation, fix p e (0, Define 

(w: there exists 4"^ with sup > 2-"(i-2''H. 



Note that 



pf U (^'nA„,fcnB-; 



fc=2 



< nK) + P U (^n' n A- n n Bi% 

\ k=2 
2" + l 

(5.31) < P(A$^) + E P n n A„,fc n . 



A:=2 

Now let us introduce the notation 



(5.32) B-^ { sup Ai;,(.) < 2-"—} 
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Then we have 

p( U {A'^An.knB-;^)j 

2" + l 
fc=2 

+ Y,p[A^nAP^'^nA„,,nB:;^''^) 

k=2 

2" + l 2" + l 

(5.33) =: P(AfJ + ^ + ^ P„%^ . 

fe=2 fe=2 

In the foUowing lemmas we consider the three terms in (|5.33p separately. 

Lemma 5.5 (First term in (|5.33p ). There exists a constant c |5 j>^| independent 
of p G (0, ^) such that 

(5.34) P(AfJ < c|X^ 2-"", n>no. 
Proof. Fix n > uq. Define the stopping time t„ = r„ (p) as 

(5.35) inf|se [t-2-"(i-'')",t) : X,(4"') > 2-"(i-2p) for some 4"^} 

if a; £ A^^, and as t if a; G ^n'^- Fix any a; £ A^^. By definition of t„ there exists 
a sequence {(sj, -f^""*) : J > l} such that 

(5.36) Sj i T„ as J T oo and X,^(/£'^) > 2-"(i-2p)^ ^. > 

There exists a subsequence {j,- : t" > 1} such that J^"-* = 7^"'' for some fc G Z. 
Hence, for the fixed uj £ A^^, 

(5.37) ^r„(4"^) = lim X,. {&'^) >2-<^~'^p\ 

Put B := [^2-"-2-"(i-''\ (fc + l)2-" + 2-"(i-'')] . Then there is a constant c j5^ 
independent of p such that 

(5.38) dy p^_,(?; - z) > c^^^ for all z e /^"^ and s G [< - 2-"(i-'')", i). 
Now, by the strong Markov property, 

EXt{B) = Ec"(*--")^,%^X,„(^) > c-\-\*E{J^dyJ^XrAdz)pf_,^iy-z);AP,} 

(5.39) > e-l''l*E{y^^^^X.„(dz) J^dy p^^^Jy ~ z); AJ^} > cjpgi EX,„(4")). 

Taking into account (|5.37p and (|5.38p then gives 

(5.40) BX^iB) > 2-"(i-^P)p(A^). 
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On the other hand, in view of Corollary [2 

(5.41) EXtiB) < |i?|E sup Xtix) 

0<x<l 

< 2(2-" + 2-"(i-''))E sup Xt{x)< C2-"^^^P\ 

0<x<l 

where we wrote \B\ for the length of the interval B. Combining (|5.40|) and (|5.4H) 
completes the proof. □ 

Lemma 5.6 (Second term in (|5.33p ). For fixed e £ (O, and all n large 

enough, 

(5.42) < 2-3"/2^ 2 < fc < 2" + 1. 
Proof. Since r_ < i„ on (recall notation (|5.27p ). 



(5.43) P„% < P 



sup Lyli. supAL„ < 2-"('''-+'^)| > 2-""^. 



Applying now Lemma |2.3[ with notation of tn (|5.27[) we obtain 

(5.44) ^^^2^Pn-{l~,,c)(l+mn ^ ^^2''-{l+P)n+6l3n^(a^l3-e)7iJ 

Inserting the definition of 7/c and making n sufficiently large, the estimate in the 
lemma follows. □ 

In order to deal with the third term P^'^ , we need to define additional events 

(5.45) ^n'k^ '■— I^There exists a jump of M of the form r*6i^s* y*') 

for some (r*, s*, y*) such that r* > (t - s)ttw+^''/", 
\^-y*\<{t- s)^/""^^ s* >t- 2-"(i+'')" 

and 

Ajj-'^'^ AP-'^ n An,k n jThere exists a jump of M of the form r*S(^s',y') 
for some {r*,s*,y*) such that r* > (i - s)ttf+^''/", 
y* e ,,+1+2""+;^-'^-^)" ] ^ s* e[t- 2-"(i-'')", t - 2-"(i+'')«] 

So far we assumed that e £ (O, j^) and p G (0, i). Suppose additionally that 

a(Q: + l)2e 

^'■''^ l^., + 2.(a^ + .-l) ^ 

Lemma 5.7 (Splitting of the third term in (|5.33p ). For p,e > sufficiently 
small and satisfying (|5.46p we have 

(5.47) P^j < P«;f ) + P«;f ) 

/or a/Z < fc < 2" — 1 anc? n > . 
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Proof. First let us describe the strategy of the proof. We are going to show that 
whenever a jump of i^{s), s < T_ , of size at least 2^"'^'''=+'^^ occurs, then it may 

happen only in the points indicated in the definition of A'^^'k^ ^^^'^ ^n'k'^ ■ show 
this we will in fact show that outside the sets mentioned in and A^^f^^^ the 

jumps of L-^(s), s < T_ , are less than 2-"^''-+^). 

To implement this strategy, first let us recall that all the jumps of L^j^{s), s < 
r_ , equal to 

(5.48) AX^^iy*) (^p^_^{b±l ^ y*) _ _ y*)) ^ 

for some {s*,y*) G [0,t) x R. 

Recall that by definition (|3.4|) . on the event A'^, 

(5.49) \AX,\ < c^it--s)('+^r^-'' 

with 7G (0, (1 + (3)~^y On the other hand using Lemma \2A\ with S = 1 we obtain 

(5.50) p«_^(i±i_y)_p^_^(|,_y) < C2-"{t-s)-'/-. 
From (|5.49p and ()5.50|) we infer 

(5.51) sup AXsSup(pf_,{^-y)~p?_,{^-y)) 

^ Cc j ^ gg [ ,2~"(2~"^"^~^^")^~^~^^° = (^2^"(''<^~"'''+''(-^~''<^+"'''0. 
Furthermore if the jump AX^ occurs at the point y* with 

(5.52) \y* - ^1 > (i-s)i/"^2s^ 
then again by Lemma |2. 11 for any 8 G [0, 1], 

(5.53) p^_^(m_y)„p^_^(|,_y) < C2-"*(t-s)-^V"p-_^((i_,)i/--2e^. 
Since 

(5.54) K(a;) < Cx-i-", X e R, 
we get the bound 

(5.55) p^_^(m_y)_p^_^(^_y)< C2-"*(t-.)'^+W). 
Hence, 



sup sup AX,[y) (pU{^ - y) -P?-s{w 

S<t ... I.. It + ll^^.. /rv--J^ ^ 



y 



y- \y-'^\>{t~sy/''-^- 

(5.56) < Cc|236| 2-"*(t - .)-^+2e(.+i)+^-,^ 
Set 

(5.57) (5 ryc + a(2£(a+l)-7). 

Note that for all e and 7 sufficiently small, we have S G [0, 1], and we can apply the 
previous estimates. Thus we obtain 

(5.58) sup sup AxM(p?U^-y)-pt-s{w-y)) 

< Ccj53gj2'"(''^+"(2"("+i)^'')). 
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Now if we take 7 = 2e (a + 1 — l/a), which belongs to these admissible 7, and p as 
in ()5.46|) we conclude that the right hand side of ()5.51|) and (|5.58|) is bounded by 

(5.59) c'2-"('''=+2-'). 

For any jump r*5(s-.y*) of M such that r* < {t - s)tt7?+^^/" and s* < t we my 
apply Lemma 12.11 with (5 = ?/c + 2e to get that 



(5.60) AX,4y*) (p^_^(Mi -y*) -y*)j < c 2-"(''^+2-). 

Now recaU (|5.48[) . Hence combining (|5.51|) . (|5.58p . (|5.59p . and (|5.60p . the conclusion 
of Lemma 15.71 follows. □ 

In the next two lemmas we will bound the two probabilities on the right hand 
side of ((CT7)1 . 

Lemma 5.8 (First term in (|5.47p ). For all p,e > sufficiently small and 
satisfying 

(5.61) 6e(a + 1 + /3) < p 
we have 

(5.62) P«',fc^) < 2-"-"''/2 

for all k,n considered. 

Proof. It is easy to see that 
00 f 

^n!k^ ^ U <^ There exists a jump of M of the form r*Srs*^y*\ 

for some {r*,s*,y*) such that r* > 2"'(tt?+20, 

< 2-'(i-2sa)^ .s* e[t- 2-"', t - 2-"('+i)) I 



i = (l+p)ri 



l={l+p)n 

Recall the random measure N describing the jumps of X. Write Yn^k.i for the 
A^-measure of 

[t(l-2-"'),i(l-2-"<'+'^)] X [^±l_2-'(l-2"^),M^+2-'(l-2ae)] ^ ^2-^(^+2^) ,oo) . 

Then, by Markov's inequality, 

(5.63) P«',m) = P(X„,k,i > 1) < Er„,fc,i. 
Therefore, 

(5.64) p(A:,:f)< E PKi') < E 

fe>(l+p)n fc>(l+p)ri 
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From the formula for the compensator of N we get 

.t(l-2-°<' + i)) 



Jt(l-2-°') 
X 

(5.65) < C2-"'2-'(i-2a.)2K"+2^(i+«). 
Consequently, 

(5.66) P(A^^^^^) < C ^ 2"'+2^("+i+'5)' < (72"(^+'')"+^^("+^+'^)(^+'')". 

fc>(l+p)n 

Noting that 2e(a + 1 + /3)(1 + p) < p/2 under the conditions in the lemma, we 
complete the proof. □ 

Lemma 5.9 (Second term in (|5.47p ). For all e,p > sufficiently small, 

(5.67) P(^r;.fc') < 2-^"/' 
for all k,n considered. 

Proof. It is easy to see by construction that 

fc^ ^ ^'^''(^ I There exist at least two jumps of M 



sue 

+2e(l+p)) 





of the form r*(5( 


(5.68a) 


r* > 2-<^ 


(5.68b) 


V* e 


fe-2 fc+l 
2" ' 


(5.68c) 


s* e 





On the event A^f., for the intensity of jumps satisfying (|5.68ap - (|5.68cp we have 



t-i' 



(I-p)ti \ 



4V^+2e(l + p)) 



dr r"2-/3 



t_2-o(i-P)" 

^ 2^"(i^p)" 2~"^^~^''^ 2'^"+2"e(i-p)"+2 2"("(i+p)+2e(i+p)(i+/3)) 
< 2^" 2"'"'^'-''^^'^-'" < 2^3" 

for all e and p sufficiently small. Since the number of such jumps can be represented 
by means of a time-changed standard Poisson process, the probability to have at 
least two jumps is bounded by the square of the above bound and we are done. □ 

Lemma 5.10 (Third term in ()5.33p ). For all p,e > sufficiently small, satis- 
fying ((Oel) and ([QT]) . we have 

(5.69) P^l'l < 2-3"/2 + (j2-''-P^/2^ 2 < /c < 2" + 1, n > n^. 

Proof. Immediate by Lemmas 15. 7| 15. 8| and 15.91 □ 
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Proof of Lemma 15.41 Applying Lemmas 15. 5| 15. 6( and 15.101 to (|5.33p we obtain 
(5.70) P U ^ ^ ^n/fe ) ^ < 2""" + 2-"/' + C2-P^/^ + 2-"/2 

for all p, e > sufficiently small satisfying (|5.46|) and (|5.6ip as well as all n > n^. 
Since these terms are summable in n, the claim of the lemma follows. □ 

Proof of Lemma 15.21 Immediate by (|5.10p and Lemmas 15.31 and 15.41 □ 
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